Various roles of molecular dynamics simulation are discussed, at first. Then, in order to bridge the macroscopic simulation and atomic level simulation, calculation methods of the local quantities, particularly local pressure, in the molecular dynamics simulation are discussed. It is necessary to integrate force between atoms along the path connecting the atoms within the local volume. This integration corresponds to the virial term used in the molecular dynamics calculation under the periodic boundary conditions.
1. Introduction
Equilibrium and non-equilibrium
Molecular dynamics (MD) gives trajectories of all atoms in the system simulated. MD is used and has been developed to calculate various physical properties relating to thermodynamics and kinetics under the equilibrium conditions and to calculate various processes under nonequilibrium conditions.
Thermodynamic states
Under the equilibrium, time average is important in MD calculations. Therefore, time development is not necessary to be realistic. A lot of methods giving various thermodynamic states have been proposed. Nosé's thermostat [1] , Parrinello-Rahman's constant pressure algorithm [2] , and so on are historically important and are generally used in the present MD simulations. Recently, some new ensemble methods like Multi-canonical ensemble T. Ikeshoji method have been presented and are being tested.
Kinetic parameters
Some kinetic parameters can be obtained by equilibrium MD. Activation energy, for instance, is calculated by constrained MD, in which bond distance, configurations, etc. are constrained. Blue-moon sampling method [3] is an example using the constraints method. Efficient methods to simulate rare events have been recently presented; for instance, meta-dynamics method [5] .
NEMD (NonEquilibrium Molecular Dynamics)
Molecular dynamics has another aspect which concerns time development of systems. In this case, time development must be physically meaningful, though atomic trajectories may not be correct. MD simulations of fractures, phase transition processes, dislocations, etc. are in this category. This kind simulation can be called nonequilibrium MD (NEMD). But, it means usually simulations at the steady state under the non-equilibrium conditions; simulations of thermal flow, mass flow, and so on.
Boundary-driven NEMD
From simple analogy with the real system of heat flow, two parts of high temperature and low temperature are artificially made in a MD system. They can be placed periodically under the periodic boundary conditions [6] . This method can give thermal conductivity, Soret coefficient, etc. This idea can be expanded to the mass flow in the two-component system. Concentration gradient is at the steady state obtained by mass swapping in the concentration controlled regions [7] .
perturbed NEMD
In boundary-driven NEMD, steady flow is achieved with steady gradient. Steady flow can be also realized under the constant field using a an additional force to the atoms [8] . An example is ionic flow with a constant electric potential gradient. Steady thermal flow is also obtained. Transport properties are calculated from the linear response theory.
Local quantities (pressure) [9] and others and phase transition process.
Bridge to macroscopic systems
Unsteady state process simulations are often done to mimic the real large system; fracturing, sintering, phase separation, and so on. In order to analyze the simulation results, it is necessary to calculate local quantities such as pressure, temperature, concentration, heat flux, etc., because the system is not uniform. In this article, calculation methods of local quantities, particularly local pressure, are discussed. In continuum dynamics, they are well defined. In molecule dynamics, we see atoms and molecules in the system. They are not continuum. These local quantity calculation will become important, when we develop large-scale and multi-scale simulation methods.
Local quantities

Local quantities in volume
A quantity per volume, A, in a local volume, V local , (See Fig. 1 ) is easily calculated, when the corresponding atomic quantity, a i , of atom i, is given. It is simply a summation of that in volume V local as
Local density, ρ, is, for instance, calculated by this way from atomic mass, m i , of atom i as
where the summation is for all atoms in the volume, V local . Thermodynamically meaningful ensemble average quantity,Ā, is a time average of atomic quantity at MD time step t in the volume.
< · · · > denotes the ensemble average. The local volume is, here, assumed to be constant. Kinetic temperature in V , T (V ), can be calculated in this way (in case of three dimensional coordinates):
where k B is Boltzman constant and n local is the total number of atoms in the local volume. When there is a net or local flow in the system, the above equation must be modified as
where v 0 is the time-average flow velocity in the volume:
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Local quantities at point
It is mathematically possible to define a local quantity at a point, R, using a delta function, δ, as
in which the delta function has dimension of length −3 . It is zero except at x=0, but integration of it in the whole space is equal to the unity as
Density at R can be written with this definition as
. Integration of this equation gives local density in the volume as:
The summation is for all atoms in the volume. This equation is, of course, equivalent to Eq. (2) and it is practically used in the MD calculations. It is impossible to use Eq. (9) including the delta function directly
Local pressure
Pressure is defined mechanically as a force onto a surface or thermodynamically as energy necessary to change a volume. From this definition, it is impossible to think a pressure of a single atom. So, it seems to be difficult to define a local pressure at a point. But, it was already shown by Irving and Kirkwood [10] to be possible as described here. In this section, two similar terms, pressure tensor P and stress tensor σ, are used. Since pressure is a thermodynamic quantity and stress is a mechanical quantity, the former is defined as a time-average value and the latter can be instantaneously calculated. They are both the tensor and in the following relationship.
In this section, we consider mainly the system consisting of particles interacting by the pariwise potential.
Local pressure as a force onto a surface
When a finite size of surface is considered as shown Fig. 2 , pressure onto this surface, i.e. a sum of force f ij between atoms i and j onto this plane, looks to be defined as force per surface as
where the direction is shown by superscript (α) . But, it is arbitrary, since we don't know how the force acts onto the surface. It may be straight, or may be curved to avoid the surface as shown in Fig. 2 . If we consider the infinitely large surface, pressure on the surface can be calculated, since the force must pass through the surface. This is known as method of plane (MOP), which is proposed by Todd and Evans [16] to calculate a local pressure on infinitely large surface. 
Pressure in volume under the periodic boundary conditions
Before moving to the local pressure at point, pressure calculation in ordinary MD of particles with a pairwise potential shall be reviewed. Pressure
in size under the periodic boundary conditions is calculated from the virial theorem
where
and
Symbol ⊗ means outer product of two vectors to give a tensor. The force vector here defined as a force onto atom i as usual. The distance vector r ij is, however, used to be defined by two ways, In this article, it is defined from i to j. In some papers and textbooks, the opposite definition, from j to i, is used. This virial theorem can be derived as a force onto a surface. Stress in direction α on an infinite surface can be calculated as a sum of the forces passing through the surface S at x as illustrated in Fig. 3 1 where the summation is for all atoms located at the left of the plane and those at the right, and the force coming from the momentum change in the α direction when an atom passes the surface
where the summation is for all atoms passing through the surface within time δt. The latter force is due to the momentum change of the left part because of disappear of the atom and that of the right; it corresponds to the force due to hitting the wall. The total stress σ at time t in the unit cell is obtained by integration of the stress at x as
(26) Integration of the first term is valid only the distance where atoms move within δt. Integration of the second term is valid for the distance from atoms i to j. Thus:
Since pressure is the time average of −σ, virial theorem Eq. (21) is obtained. To get Eq. (21), the fact that velocities in the three directions are independent at equilibrium is used for the first term. Non-orthogonal parts in the first term becomes zero from this fact.
Pressure in plane layer
An example of practical uses of the local pressure is to calculate pressure profile through various interfaces. We shall consider the system which is divided into several plane layers parallel to the interface as shown in Fig. 4 . Pressure in an infinite layer or a layer under the periodic boundary conditions can be obtained by integrating the pressure on surface, Eq. (24) and Eq. (25) in the layer, from x 1 to x 2 instead of 0 to L x used in Eq. (26) to obtain the pressure of the whole system.
where ∆q ij is the distance of part of r ij which located in the layer from x 1 to x 2 . Integration part is illustrated in Fig. 5 by arrows. Summation of the second term is not only for particles in the layer but also for particles of which distance vector passes the layer. Summation of the first term is only for particles in the layer. Pressure profile obtained by this method is shown in Fig. 6 . The dip of the pressure is due to the surface tension at the liquid-gas interface.
Incorrect equation of local pressure in layer
If the summation of the second term in Eq. (32) is taken only for atoms in the layer and those interacting with them, the correct pressure is not obtained. From this incorrect idea, i.e. a simple extension of the virial theorem in Eq. (21), may give the following equation for the stress. 
This equation does not give the correct pressure as shown in Fig. 7 , in which the pressure profile perpendicular to the layer is wavy, though there is the mechanical balance. The reason of the incorrect results is that Eq. (33) is not obtained by the correct integration. It does not have, for instance, contribution from atom pair both of which are not located in the layer.
Another examples are shown in Fig. 8 and Fig. 9 , which show the pressure profile through the solid-solid interface of Lennard-Jones crystals (fcc) with the different lattice directions. Correct way of Eq. (32) gives the flat profile of the pressure tenor in the normal (xx) direction (Fig. 8) . The pressure tensor in the transverse direction (yy and zz) does not show the flat profile because of the non-uniform density when it is calculated in atomic scale. This is understood from a kind of surface tension. When the incorrect equation Eq. (7) is used, the pressure profile in the normal direction is not T. Ikeshoji flat (Fig. 9) ; it contains a wavy profile in the atomic scale, since atoms are fixed with a vibration. layers will be discussed in the following section.
pressure at point
Local pressure in an infinite layer seems to be well expressed. But, it is necessary to discuss on the integration path more precisely. Such a discussion was presented by Irving and Kirkwood in 1950 (before molecular dynamics being popular) [10] to give the atomic scale expression for the thermodynamic and kinetic quantities. Schofield and Henderson discussed the pressure in more details [13] along with Irving Kirkwood's work. In this subsection, we describe pressure at point according to Schofield and Henderson's way. In order to get the pressure at a point, momentum density J( R) at point R is considered, at first, It can be expressed using the δ function as
Time evolution of the momentum density in the α-direction is, then, expressed with path integral along arbitrary path C 0i from the origin to r i as
where Φ( r i ) is potential energy at r i and l is point on the path. Time evolution of momentum density in volume V by continuum mechanics is
When we compare the above two equations, Eqs. (36) and (37), inside of ∇ (β) R may be equal each other without an integration constant. We get, then, the expression for the αβ component in the stress tensor;
where σ 0 is the integration constant. With virial theorem of Eq. (21), the integration constant is 0, and kinetic and configurational terms may be as follows.
Kinetic part (ideal part):
Configurational part (non-ideal part):
For the two-body potential, it becomes with an arbitrary integration path C ij from atoms i to j.
In order to use these equations defined at point in the MD calculations, it is necessary to integrate these equations in the volume concerned.
Kinetic part is simply integrated as
Configurational part becomes
integration path
There is a long history about the discussion on the integration path appeared in Eq. 41. It was emphasized that the integration path is arbitrary [13] . Irving and Kirkwood presented naturally a straight line as an example (see Fig. 10 ) [10] . It is called now Irving and Kirkwood choice (IK-contour).
Harasima showed another path which consists of two parts, a line parallel to a flat or spherical plane and the perpendicular line as shown in Fig. 10 [12] . It is called Harasima choice (H-contour). These two contours have been always raised when local pressure is a subject of papers. But, some questions on the arbitrariness have been presented. Blokhuis and Bedeaux described that H-contour does not obey microscopic sum rule [14] . Wajnryb et al. described that pressure must be independent on numbering of atoms and center of the coordinates [15] . Schofield and Henderson also described that to be symmetry for the pressure tensor the path must be straight line [13] . In order to avoid this kind of arbitrariness another kind of calculation methods of the local pressure were presented. One is Method of Plane (MOP) valid only on infinite pane by Todd and Evans [16] . Lovett, and M. Baus gave Local thermodynamic pressure (similar to tangential component in H-contour) [18] .
Pressure tensors in the flat layer by path-integral through IK-contour and H-contour Normal component:
In the case of the flat layer under the periodic boundary conditions, the T. Ikeshoji pressure tensor by IK-contour is the same as that already discussed in section 3.3. Normal component (xx) of the stress tensor can be written with two coordinates, x 1 and x 2 , which are the left and right side coordinate of the layer. Since integration path is from x i to x j , the region which contributes to the integration in the layer can be written from min(
This normal component is independent on the choice of contours. Any contours which connect atoms i and j give the same value as can be understood from Fig. 11 .
Tangential component:
In the case of the tangential component of the stress tensor, the expression depends on the choice of contour. The equation for the IK-contour is similar to that of the normal component as
(48) Fig. 11 . A contour to connect atoms i and j.
Integration through the H-contour, contribution is only when atom j is located in the layer.
This is the same expression as Eq. (33), which was given as the expression which was simply extended from the virial theorem, but its normal direction component gives the incorrect non-uniform pressure profile through the flat interface at equilibrium.
pressure in spherical layer
In the case of calculation of the pressure in the spherical coordinate, the system is divided into spherical layers as shown in Fig. 12 . Pressure in the spherical layers is calculated from Eq. (39) and Eq. (40). Kinetic part does not depend on the choice of the contour.
IK-choice in the spherical layer
We consider a spherical shell of radius R and thickness ∆R. For the IK choice of contour C ij , the integration path is shown by arrows in Fig. 13 .
In order to integrate, a new variable λ to define the path l is introduced as
The integration region is in the interval C ij ∈ V local is defined by λ a ≤ λ ≤ λ b where λ a and λ b are given by a = r i + λ a r ij and b = r i + λ b r ij , respectively, and a and b are the entry and exit points, respectively, of C ij in the layer. For some configurations of i and j, C ij may penetrate the layer twice as seen in Fig. ? ?, and C ij ∈ V local represents two separate intervals. These situations will be understood in the following as the integral
actually consisting of two parts (
, without being explicitly shown. Furthermore, we assume the notation that λ a = 0 if r i ∈ V local and λ b = 0 if r j ∈ V local . The configurational part of the αα-component of the stress tensor follows
Note that the unit vector, e r , e θ , and e φ are not constant through the contour l, when they are expressed in the Cartesian coordinate as
Assuming that f ij and r ij are parallel (
where r i,φ and r ij,φ are vectors projected of r i and r ij , respectively, on the x-y plane. The integrals may be expressed in the closed form, with the results
e. particles i and j are on the same line from the center,
If
projections of particles i and j on the x-y plane are on the same line from the center,
In the calculation, the value of λ at the crossing point of the connecting line with a sphere of radius R is needed.
(63) H-choise in the spherical layer: H-contour in the spherical coordinate can be divided into two parts; straight line from atom i toward the center of coordinate and the line on the spherical surface where atom j is located. The former contributes to the radial direction and the latter contributes to tangential direction.
Normal component in the stress tensor is very simple. It is similar to the flat layer.
−σ
For the force in the tangential direction, angle ω between atoms i and j along the H-contour is introduced. Then, tangential component becomes
Pressure profile in the liquid droplet
Pressure tensors in the droplet are calculated using the equations shown in the above. An example of liquid droplets of Lennard-Jones particles is shown in Fig. 14. There is a small but obvious difference between IK and H choices. Pressure tensor calculation in the liquid droplet have been presented by Thompson et al. [11] . They used both IK-and H-contours to calculate the pressure in the spherical layer and on the spherical plane and found no difference within errors. But, highly accurate calculate in layers showed here the difference. The force balance are satisfied in the both profiles. Which is correct or better? An answer is obtained from the calculation in the homogeneous liquid described in the next part.
Pressure profile in homogeneous liquid with spherical layers
Hafskjold and Ikeshoji have recently shown that H-contour does not give uniform pressure for the uniform liquid of hard sphares under the equilibrium when the spherical coordinate is used [19] . When we use the LennardJones particles with equations given in the above section, pressure near the center is different from the bulk value ss shown in Fig. 15 , even though the system is uniform, homogeneous, and mechanically balanced. Mechanical balance in the spherical coordinate is expressed as p T (r) = p N (r) + 2 r dp N (r) dr 
where superscripts N and T show normal and tangential components. Pressure profile by H-contours shown here satisfies this mechanical balance. When IK-contour is used for the integration, the pressure is uniform shown in Fig. 16 . Therefore, the IK-contour seems to be better integration path even for the inhomogeneous fluid. 
Concluding remarks
Local quantities are used to bridge the molecular dynamics calculation and macroscopic one. Some quantities are easily bridged but some quantities of a function of more than two atoms are not so simple. Pressure tensor is such a quantity and discussed here. Integration path problem was not solved completely. But, we found an evidence to avoid Harasima choice to be used to calculated the local pressure tensor. The recommended calculation method of the local pressure tensor in a local volume is to integrate the force along with straight line connecting the two atoms within the local volume as illustrated in Fig. 17 . 
